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Abstract. We consider the unbounded integer grid and the digitized version of the straight line y =
αx + β, with α, β ∈ R being the set of points (i, [αi + β]), i ∈ Z, where [·] is the integer rounding
operator ([x] − 0.5 ≤ x < [x] + 0.5). We address the problem of counting the number of points in the
integer grid in which two digitized straight lines overlap each other in the particular case when the
crossing point of the non-digitized version of the lines has integer coordinates and the slopes belong
to the set {a/b : a ∈ {−(N − 1), .., (N − 1)}, b ∈ {1, .., (N − 1)}}, that is, all the possible slopes of the
segments between two different points in the N × N grid.

Applications of this problem are explained, with a special focus on a shared steganographic system
with error correction.

Keywords. Digitized line, shared steganographic file system.

1 Introduction

When straight lines are mapped onto a grid, such as a computer screen or a bit matrix,
they need to be digitized, that is, discretized. The properties of digitized lines have been
studied since decades, mostly in connection with computer graphics [4]. For example,
in [6] the problem of recognizing a sequence of pixels as a digitized straight line segment
is considered; in [5], the number of different digitized lines in an N × N pixel array is
investigated.

With a different motivation, namely shared steganographic file systems [1, 2], we pursue
here the characterization of digitized lines and deal with the problem of counting the num-
ber of overlapping points when two digitized lines over a grid cross each other. Section 2
contains an analysis of the problem from a theoretical point of view. Section 3 goes further
and gives an approximate result. Section 4 reports on computational results. Section 5 mo-
tivates the relevance of the problem for shared steganographic file systems and other areas
in computer science. Section 6 summarizes conclusions and lists open research issues.
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Figure 1: Digitized lines with slopes 3/4 and 16/7.

2 Analysis for an unbounded integer grid

We consider the unbounded integer grid and the digitized version of the straight line y =
αx + β, with α, β ∈ R being the set of points (i, [αi + β]), i ∈ Z, where [·] is the integer
rounding operator ([x] − 0.5 ≤ x < [x] + 0.5).
Let two straight lines have rational slopes s1 and s2, s1 6= s2 and suppose they intersect

each other at a point with integer coordinates. Let λ be the number of positions in the
integer grid in which the digitized versions of these straight lines overlap. Obviously λ
does not depend on the integer point in which the two original lines cross each other. So
without loss of generality we can think of the two lines as crossing at the origin and λ
as a function depending only on s1 and s2. For instance, λ(3/4, 16/7) = 1 (see Figure 1),
λ(4/5, 5/4) = 4 (Figure 2), λ(1/6, 1/3) = 6 (Figure 3).
It would seem natural if λ depended only on the angle between the two straight lines.

However this is not true. In Figure 4 we depict the digitized versions of the lines with
slopes 3 and 6, which are separated by the same angle as the lines with slopes 1/6 and
1/3. One can see that λ(3, 6) = 1 while as we noticed before, λ(1/6, 1/3) = 6. In fact λ
is not determined by the difference |s1 − s2| either. Indeed, |11/12 − 13/12| = 1/6 and
|1/6 − 1/3| = 1/6 but λ(1/6, 1/3) = 6 while λ(11/12, 13/12) = 11 (see Figure 5).
In the next lemma we state some results related to λ(s1, s2).

Lemma 1. 1. λ(s1, s2) = λ(s1 − k, s2 − k) for any integer k,

2. If ⌊s1⌋ = ⌊s2⌋, then λ(s1, s2) = λ(s1 − ⌊s1⌋, s2 − ⌊s2⌋),

3. If |s| ≥ 1, then λ(0, s) = 1,

4. If ⌊s2⌋ − ⌊s1⌋ ≥ 2 then λ(s1, s2) = 1,

5. λ(0, s) = ⌊ 1

2|s|⌋ + ⌈ 1

2|s|⌉, whenever s 6= 0.
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Figure 2: Digitized lines with slopes 4/5 and 5/4.
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Figure 3: Digitized lines with slopes 1/6 and 1/3.
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Figure 4: Digitized lines with slopes 3 and 6.
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Figure 5: Digitized lines with slopes 11/12 and 13/12.
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Figure 6: Digitized lines with slopes 3/10 and 9/19.

Proof. The first statement follows from the observation that [x− j] = [x]− j for any integer
j, so (i, [(s1 − k)i]) = (i, [(s2 − k)i]) if and only if (i, [s1i]) = (i, [s2i]). The second statement
is a consequence of the first one. The third statement is obvious. To prove the fourth
statement notice that λ(s1, s2) = λ(s1 − ⌊s1⌋ − 1, s2 − ⌊s1⌋ − 1) but s1 − ⌊s1⌋ − 1 < 0 while
s2 − ⌊s1⌋ − 1 ≥ ⌊s2⌋ − ⌊s1⌋ − 1 ≥ 1. Now the result follows easily from the third statement.

For the fifth statement notice that (i, [s · i]) = (i, 0) if and only if −1/2 ≤ s · i < 1/2 that
is, −1/2 ≤ |s| · i < 1/2 whenever s > 0 and −1/2 ≤ |s| · (−i) < 1/2 whenever s < 0. Since
i ∈ Z, this is equivalent to

−

⌊

1

2|s|

⌋

≤ i <

⌈

1

2|s|

⌉

if s > 0 and to

−

⌊

1

2|s|

⌋

≤ −i <

⌈

1

2|s|

⌉

if s < 0. In both cases there are ⌊ 1

2|s|⌋+⌈ 1

2|s|⌉ such integers and so λ(0, s) = ⌊ 1

2|s|⌋+⌈ 1

2|s|⌉.

3 Approximation

We empirically checked that if 0 ≤ s1, s2 < 1 then λ(s2 − s1, 0) approximates quite well
λ(s1, s2). For instance, there are 28 rational numbers of the form a/b with a ∈ {0, . . . , 9},
b ∈ {a + 1, . . . , 9} with the usual equivalence relationship, and so 378 combinations of
them. There are only 12 pairs s1, s2 out of these 378 combinations such that λ(s1, s2) >
λ(s2 − s1, 0). Furthermore, in all these 12 cases, λ(s1, s2) = λ(s2 − s1, 0) + 1. Notice that
however, we can find some further examples in which λ(s1, s2) > λ(s2 − s1, 0) + 1. For
instance, for s1 = 3/10, s2 = 9/19 (s2 − s1 = 33/190), λ(s1, s2) = 8 while λ(s2 − s1, 0) = 5
(Figure 6). For more details on empirical results see the next section.
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With the assumption that λ(s2 − s1, 0) ≈ λ(s1, s2) whenever 0 ≤ s1, s2 < 1 and Lemma 1
we can approximate λ(s1, s2) quite well for any values of s1, s2:

• If |⌊s1⌋ − ⌊s2⌋| > 1, Statement 4 in the previous lemma gives us the exact value for
λ(s1, s2).

• If ⌊s1⌋−⌊s2⌋ = 0 then by Statement 2 we have λ(s1, s2) = λ(s1−⌊s1⌋, s2−⌊s2⌋); since
it holds that 0 ≤ s1−⌊s1⌋, s2−⌊s2⌋ < 1, by the above assumption λ(s1, s2) is quite well

approximated by λ(s2 − ⌊s2⌋ − s1 + ⌊s1⌋, 0) = λ(s2 − s1, 0) =
⌈

1

2|s2−s1|

⌉

+
⌊

1

2|s2−s1|

⌋

.

• Finally, suppose that |⌊s1⌋ − ⌊s2⌋| = 1 and s1 < s2. Then by Statement 1 λ(s1, s2) =
λ(s1 − ⌊s2⌋, s2 − ⌊s2⌋). But s1 − ⌊s2⌋ = s1 − ⌊s1⌋ − 1 < 0 ≤ s2 − ⌊s2⌋. This means
that the line with slope s1 − ⌊s1⌋ − 1 is over the horizontal line before the origin and
below it after the origin, while the line with slope s2 − ⌊s2⌋ is either the horizontal
line or it is below the horizontal line before the origin and over it after the origin.
So, the overlaps of both lines are the points at which both lines overlap the line with
slope 0. The number of such overlaps is then bounded by the minimum between
λ(s1−⌊s1⌋−1, 0) and λ(s2−⌊s2⌋, 0). By Statement 5, this minimum can be computed
as

⌈

1

2m

⌉

+
⌊

1

2m

⌋

, where m = max{1 − s1 + ⌊s1⌋, s2 − ⌊s2⌋}.

Define ϕ : Q × Q \ {(q, q) : q ∈ Q} → N as the symmetric mapping that, for s1 < s2 is
defined by

ϕ(s1, s2) =











⌈

1

2|s2−s1|

⌉

+
⌊

1

2|s2−s1|

⌋

if ⌊s1⌋ = ⌊s2⌋
⌈

1

2m

⌉

+
⌊

1

2m

⌋

, where m = max{1 − s1 + ⌊s1⌋, s2 − ⌊s2⌋} if ⌊s2⌋ − ⌊s1⌋ = 1
1 if ⌊s2⌋ − ⌊s1⌋ > 1

and for s1 < s2 is defined by ϕ(s1, s2) = ϕ(s2, s1).
We have proved that the assumption λ(s2 − s1, 0) ≈ λ(s1, s2) whenever 0 ≤ s1, s2 < 1

implies the assumption λ(s1, s2) ≈ ϕ(s1, s2) for any pair of slopes s1, s2.

4 Computational experiments in finite grids

For each integer N we considered all the slopes a/b with a ∈ {−(N − 1), . . . , N − 1} and
b ∈ {1, . . . , N − 1}, that is, the slopes of all lines passing through two different points of an
N × N grid. We considered all pairs of slopes s1, s2 in this list and counted the number of
cases in which λ(s1, s2) ≤ ϕ(s1, s2) and the number of cases in which λ(s1, s2) > ϕ(s1, s2).
Figure 7 shows for each N the count of pairs of slopes for which λ(s1, s2) ≤ ϕ(s1, s2) (black
dot) and the count of pairs for which λ(s1, s2) > ϕ(s1, s2) (white dot). For all tried N , it can
be observed that the most common situation is λ(s1, s2) ≤ ϕ(s1, s2); in fact, asymptotically
with N , the probability of this situation becomes overwhelming.

5 Practical relevance: shared steganographic file systems

While investigating the size of the overlap between two digitized straight line segments
may have some interest in image processing (e.g. contour tracing, [3]), we motivate here
the relevance of this problem in a less traditional context.
Steganographic file systems were introduced in [1] as file systems where the location and

even the existence of files are unknown to the users not having stored them. This feature
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Figure 7: For several values of N , number of pairs of slopes (s1, s2) in an N × N grid
for which λ(s1, s2) ≤ ϕ(s1, s2) (black dots) and the number of pairs for which λ(s1, s2) >
ϕ(s1, s2) (white dots)
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becomes a problem when the file system is a shared one that can be written to by several
users: as a result of an unknown collision, a user may inadvertently damage the files stored
by other users [7].

There are two simplistic approaches to deal with the collision problem:

• Privacy reduction. A possible solution is to reduce the risk of collisions between users
by reducing the freedom of each user for placing her file in the system. However, the
smaller the freedom, the smaller is privacy: the location of the files of a user becomes
easier to guess by other users or by external intruders.

• Efficiency reduction. If the total size of user files stored in the steganographic file sys-
tem is less than the size of the file system by several orders of magnitude, collisions
are unlikely to occur. However, this entails a very inefficient storage use.

In [2], intermediate solutions between the two approaches above are explored. The idea is
to store user files as randomly chosen digitized straight line segments in a two-dimensional
N×N bit matrix. Since the file system is shared, segments corresponding to files of different
users may (inadvertently) cross each other. In a crossing between an older and a newer file,
each overlapping bit in the older file is tweaked with probability 1/2, thus resulting in
one error. A natural countermeasure is to encode files with an error-correcting code before
storing them. Clearly, the expected number of overlapping bits at the crossings between
randomly chosen straight line segments is highly relevant in order to select an appropriate
code with sufficient error-correcting capability.

6 Conclusions and open research issues

We have presented some results on the number of overlapping points at the crossing be-
tween two digitized straight lines whose continuous versions cross each other at a point in
the integer grid (i.e. with integer coordinates).

Several issues remain to be investigated. One of them is to extend our analysis for the
general case in which the crossing of the continuous versions has non-integer coordinates.
A second line is to explore the effects of taking moduli in a finite grid: indeed, when rep-
resenting an infinite digitized straight line on an N × N grid, both the abscissae and the
ordinates must be reduced modulo N . Last but not least, it would be very useful for the
application to shared steganographic file systems to be able to compute the expected num-
ber of overlapping points between two digitized straight line segments randomly chosen
in an N × N grid.
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